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Abstract 

For a game with positive expectation and some negative profit, a unique price exists, 
at which the optimal proportion of investment reaches its maximum. For a game 
with parallel translated profit, the ratio of this price to its expectation tends to 
converge toward less than or equal to 1/2 if its expectation converges to + . In this 
paper, we will investigate such properties by using the integral representations of a 
complete Bernstein function and establish several Abelian and Tauberian theorems. 
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1. Introduction 

Consider a coin- flipping game such that profit is 9 dollars or —2 dollars if a tossed 
coin yields heads or tails, respectively. For simplicity, we will omit the currency 
notation. Let t £ [0, 1] be the proportion of investment. Then, the investor 
repeatedly invests t of his/her current capital (see [12, 13]). For example, let 
c > be the current capital; when the investor plays the game once, his/her 
capital will be 9ct/u + c(l — t) or —2ct/u + c(l — t) if a tossed coin yields heads 
or tails, respectively, where u > is the price of the game such that u/(u + 
2) > t. Let the initial capital be 1. After N attempts, if the investor has 
capital cat, then the growth rate (geometric mean) is given by c^ N . As the 
value G u {i) := lim^v^oo ^expectation of c^ N \ = y/ (9t/u + 1 — t)(—2t/u + 1 — t) 
is a function with respect to t, it reaches its maximum at t = t u = (7/2 — u)u 
l({u + 2) (9 — it)). It is noteworthy that the value limAf^oo ^variance of cjy^ is 0. 

In general, a game (a(x), F(x)) would mean that if the investor invests 1 unit 
(which price is u dollars), then he/she receives a(x) dollars (including the invested 
money) in accordance with a distribution function F(x), defined on an interval 
I C (—oo, oo) such that L d(F(x)) = 1. It is assumed that the profit function a(x) 
is measurable and non-constant (a.e.) with respect to F{x). When no confusion 
arises, we write dF for d(F(x)) and use the following notation: 



(1.1) 



E := [ a(x)dF, f := ess inf a(x), He := f - - — -dF. 
J i *ei 4 Ji<i(x)-£, 



In this paper, we always assume that E > and £ > — oo. If J a r x \ = ^ dF > 0, we 
define = oo and =0. Since a(x) is non-constant, we have £ < E, > 0, 

1/H i < oo, and £ + 1/H £ < E. 

In order to explain the background of this paper, we will define notations such 
as wp(z) and G u (t) in this paragraph. However, this paper utilizes neither such 
notations nor their related properties, except in the first paragraph of Section 2. We 
denote the integral J I (a(x) — [3)/(a(x)z — zft+0)dF by wp{z), which is holomorphic 
with respect to two complex variables (z, (3) {z := t + si, (3 := u + hi, i := \J — 1, 
{t,s,u,h} C R) near each point (to, Wo) such that < to < uo/(uq — £) and 

l 
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uq > max(0, £). We denote exp(J / log (a(x)t/u — t + 1) dF) by G u (t) and term 
it as the limit expectation of growth rate for each u > and < t < 1 with 
— t + 1 > 0. We say that i u is i/ie optimal proportion of investment with 
respect to u > 0, if 

(1.2) E5 ^ /log f + > <o 

o< P <i 7/ a(x)p/u - p + 1 

£p/«-p+l>0 

for each < t < 1 with £t/« — t + 1 > 0. A game (a(x), F(x)) is said to be 
effective if J a ^ >1 a(x)' / dF < oo for some ^ > 0. If a game is effective, G u {t) is 
continuous (see [9, Theorem 4.1]) and the inequality (1.2) implies that G u (t u ) = 
sup 0<t<1 £t/u-t+i>o Gu(t), which suggests that t u is optimal for maximizing the 
limit expectation of growth rate. 

For a game with parallel translated profit (a(x) — m, F(x)) (to < E), we use 
underlined notations such as a(x) := a(x) — to, E_ :— E — to, £ := £ — to, and 
//. := //.. 

From [9, Lemma 3.16], if to G (£, E), then a unique price u max € (0, E — to) 
exists such that t u is strictly increasing in the interval < u < u max and strictly 
decreasing in the interval u m ax < u < E — m. It should be noted that M max i s a 
function with respect to to G (£, E), and it satisfies t u — maxo< M <_E- m t u . In a 
sense, u max is considered to be the price in which the broker's commission income 
is maximized. 

Under mild restrictions, we will show that lim m ^ s - u max / E_ —1/2 (see Theorem 
3.19). In such a case, it suggests that the so-called half price sale makes a profit. 
For example, in the case of the abovementioned coin-flipping game, we obtain 



l im ^ = Um 1 V( m + 2 )( 9 E m )/ 2 Z ( m + 2 )( 9 Z TO ) = 1 

m ^ B - £ m-(7/2)- (7/2 -TO) 2 2' 

where -2 < to < 7/2 (sec Corollary 3.20). 

Defining ^>(c) := 1/ J / (a(x)+c) _1 dF— c (c e (— £, oo)), we obtain the following: 
LEMMA 1.1. lim^oo *(c) = E. 

PROOF. Assume c > max(l,-2£). Then, we have a(x) + c/2 > and < 
J c/(a(x) +c)dF < Jj 2dF = 2. If E < oo, then, by applying Lebesgue's monotone 
convergence and dominated convergence theorems to the equation 

1 E 2 fr 4$-dF 

■ n , ^ J I a(x)+c , , T-,-. 



L —f\r-dF c-E (1 - M.) f - T ^—dF 

JI a(x)+c \ c J JI a(x)+c 

we obtain the conclusion (even if E < 0). Assume E — oo. Since a(x) is 
non-constant with respect to F(x), we observe that 

f f _i dF) 

V JI a{x)+c I 

which implies that \I/(c) is increasing with respect to c. Putting lim^oo *(c) = M 
(including oo), 

{ afx), a(x) < N, ^ bc ' N r^-dF ^ {N > maX(1 ' 

x ' x ' J I aN(x)+c 
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Then, the following properties hold: 

(1) cin(x) is nondecreasing with respect to N. (2) b Ct N is nondecreasing with 
respect to N. (3) From the above arguments, we obtain lim c ^oo b c ^ — J T dN{x)dF 
< oo, which is nondecreasing with respect to N. (4) By applying Lebesgue's 
(monotone convergence) theorem, we obtain limjv->oo 6 c .at = ^(c), which is increasing 
with respect to c. (5) Further, from Lebesgue's (monotone convergence) theorem,we 
obtain limjv_» 00 (lim c ^ oc & Cj at) = limAr^oo J f aiq(x)dF — Jj a(x)dF = oo. 

Therefore, if M < oo, then ^(c) < M and b c ^ < M, which contradicts the fact 
that limjv^ oc (lim c ^ oc b c ^) = oo. Hence, M = E = oo, that is, lim^oo \&(c) = E. 

□ 



2. Parallel translated profit 

We consider a game with parallel translated profit (a(x) — m, -F( x )) to have 
sufficiently small positive expectation, if £ + < m < E. In this case, it is 

easy to observe that E_ = E — to > 0, £ = £ — m<0 and £ + 1/ffg = £ — m 
+1/H^ < 0. Therefore, from [9, Lemma 4.27], r/m := lim w ^ + £ M / M exists such that 
< r] m < -l/£ = l/(m - £). For each u e (0, E — m) and t e (0, u/(u - £)), 
we have w u (t u ) = where u> u (t) = J 7 (a(x) — to — u) / ((a(x) — m)t — + u) dF 
and i u € (0,u/(u — £)). It should be noted that (a(x) — m)t u /u — t u + 1 > and 
(a(x) — m)rj m + 1 > 1 — (m — £,)i] m > for each x £ I. The equation w u (t u ) = 
can be written as Jj ((a(x) — m)t u /u — t u + 1) _1 dF = 1. Hence, we have 

(2-1) I -r-r\ \ 7^ = L 

Ji \a(x) - m)Vm + 1 

because on the set {x \ a(x) > to}, l/((a(x) — m)t u /u — t u + 1) is strictly increasing 
with respect to sufficiently small u > (see [9, Lemmas 3.12, 3.15 and 3.16]), and 
on the set {x | £ < a(x) < to}, l/((a(x) — m)t u /u — t u + l) converges uniformly to 
l/({a(x) - m)r, m + 1) (« -> 0+). 

Since \&(c) (— £ < c < oo) is strictly increasing from £ + to E (see the 

proof of Lemma 1.1), the equation to = '5(c) has a unique solution c = c m for 
each £ + l/H^ < to < E. Since the equation to = 1/ j I {a{x) + c m )~ 1 dF — c m is 
equivalent to 



! -dF = 1. 



/j (fl(x)- 771)^^ + 1 

from (2.1), we obtain that r\ m = l/(m + c m ). 

LEMMA 2.1. c TO is strictly increasing from — £ to oo respect to to e 

(£+1/1^,25). 

PROOF. As \&(c) is strictly increasing from £ + 1/i?^ to S, the relation to = 
f (c m ) leads to the conclusion. □ 
LEMMA 2.2. i] m is strictly decreasing from to with respect to m e (£ + 

PROOF. Since 7/ m = 1/(to + c TO ), Lemma 2.1 leads to the conclusion. □ 
LEMMA 2.3. lim m ^ E - mr) m = 0. 

PROOF. From lim m ^ B - c m — oo and Lebesgue's theorem, we obtain the 
equality mrj m = mj (m+c m ) = Jj a(x) / (a(x)+c m )dF , which implies the conclusion. 

□ 

LEMMA 2.4. t u = ur) m+u (0 < u < E - to). 
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(2.2) 



PROOF. From the property of r\ m +u, we observe that J f {(a(x) — (m + u))r) m +u + 1) 
dF = 1, which can be written as J T {(a(x) — m)(un m+u )/u — urj m+u + l) -1 dF = 1. 
This suggests that w u (ur] m+u ) = 0. Therefore, by the uniqueness of t u , we arrive 
at the conclusion. □ 

LEMMA 2.5. u max can be uniquely determined by the system 

m + v = 'F(c), 
v = (to + c)*'(c), 

wif/i two unknown variables v (= u max ) and c (= c m+Ii ), /or eac/i to G (^+1/H^, 
E). 

PROOF. From to = \I>(c m ), we obtain m + u max = *(cm+u max )- Since t u 
= max 0<M <£_ m | M , we find that t/ u = 0. From t u = ur/ m+u = u/(m + u + 
Cm+u), we obtain f u = (to + c TO+ „ - «4 +u ) /(TO + u + c m+tl ) 2 . Thus, m + c m+ „ max 

-«max C m+ Mmax = ' Usm § *'( C ™) C m = *> We haVe TO + C ™+« max ~ Mmax/^Cm+lW ) 

= 0, which implies (2.2). On the other hand, from 

2 (( [, , , L- Y , dF) 2 - f. -Ar^dF f. -, . \, ^ dF) 

\ \J I (a(x)+cy J JI a(x)+c JI (a(x)+c)3 I 

*"(c) = -^ -3 J -<o (o-O, 

V Ji a(a;)+c / 

\&(c) is a strictly concave function due to Schwarz's inequality. Therefore, a line 
y — m = $/'(c)(x + m) that is tangent to $(c) and passes through the point (—to, 
to) is uniquely determined. This implies the uniqueness of the solution of (2.2). □ 

EXAMPLE 2.6. The game (x, f^l/(ir(t + l)y/t)dt) (x e (0,oo)) has the 
following properties: £ = 0, ^ + l/H^ = Q<m<E = (X) 1 i i{c) — y/c, i] m = 
1/(to(to + 1)), c m = to 2 , t u = u/((m + u){m + u + 1)), and u max = ^/m{m + 1). 

EXAMPLE 2.7. The game (x, /* 8rv / rt/(?r(t + r) 3 )o!i) (x e (0,oo), r > 0) has 
the following properties: £ = 0, £ + l/H$ = r/3 < to < = 3r, >F(c) = (c — r) 3 
/(c 2 -6cr-3r 2 + 8rVcf) -c, r/ m = (3r-TO,) 2 /(TO + r) 3 , c m = r(r-3m) 2 /(3r-m) 2 , 
t u = u(3r — in — u) 2 / (r + m + u) 3 , and M max = (3r — m)(m + r) /(to + 9r). 

REMARK. Since E_—E — m>0, the assumption E > can be dismissed as 
long as we consider a game (a(x) — to, F(x j) with £ + < to < E. It is clear 

that even if E < 0, £ + < £7 holds, provided £ = ess inf xe j a(x) > — oo. 



-l 
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3. Complete Bernstein functions 

A C°° function / : (0, oo) — ► R with a continuous extension to [0, oo) is called 
a Bernstein function if / > and (— \) k f ^ (x) < for each k e {1,2,3, ...} (sec 
[5, Definition 1.2.1]). 

A function / : (0, oo) — ► R is called a complete Bernstein function if there exists 
a Bernstein function <f> such that f{x) = x 2 J °° e~ sx <fi(s)ds (see [14, Definition 1.4]). 

THEOREM 3.1 [14, Theorem 1.5]. Each of the following five properties of f : 
(0, oo) — > R implies the other four: 

(1) / is a complete Bernstein function. 

(2) / can be represented as f(x) = tx + b + J °° x/(x + t)a(dt) with t, b > 
and a measure a on (0, oo). 

(3) / extends analytically on C\(— oo, 0] such that f(z) = f(z) and Imzlm f(z) 
> 0. (In other words, f preserves the upper and lower half-planes in C). 

(4) / is a Bernstein function with representation f(x) = tx + b 

+ J^(l-e- sx )f3{s)ds, where t, 6 > 0, 0(s) = J* °° e- st p(dt), and 
r o °° 1/ (t(t + l))p(dt) < oo. (In fact, p(dt) = ta(dt) of (2).) 

(5) x j f(x) is a complete Bernstein function or f = 0. 

Note that the triple (t, 6, p) given above is uniquely determined by / (see [5, 
Theorem 1.2.3]). 

LEMMA 3.2. The function *(c) = 1/ J T (a(x) + c)- 1 dF - c: (-£, oo) -> (£ 
+1/H^, E) extends analytically on C\(— oo, — £] and preserves the upper and lower 
half-planes. 

PROOF. From Lemma 1.1, we obtain *((-£, oo)) C (£ + V-Hf, £)• Putting c 
= u + yi e C\(— oo, — £], {it, j/}cK and s = a(a;) + u, then 

^ c ) = f -L dF - u - yi = f __s_ df □IdF -"-^ 

Jl s+yi ar Jl s 2 +y 2<lr y l Jl s 2+y2 ar 

If y ^ 0, then due to Schwarz's inequality, we observe that 




V s 2 +y 2 \J s 2 +y 2 




-2 : -2 



Set a(v) := J a r x \ <v+ ^ dF. Then, a(v) is a right continuous nondecreasing 
function such that a(v) > 0, a(£ _ ) = and a(oo) = 1. Thus, the Stieltjes 
transform Jj(a(x) + c)~ 1 dF = f^(v + c + £)~ 1 d(a(v)) is analytic with respect 
to t = c + £ e C\(-oo,0] (see [15, Corollary VIII.2b.l]). It is easy to verify that 
'J'(c) has no singular point in C\(— oo, — £]. □ 

THEOREM 3.3. \&(c) — £— 1/i?^ is a complete Bernstein function with respect 
to t = c + £ > 0. 

PROOF. From Theorem 3.1 (3) and Lemma 3.2, we arrive at the conclusion. 

□ 

LEMMA 3.4. lim^oo *(c)/c = 0. 

PROOF. From *(c)/c= 1/(1 - J t a(x)/(a(x) + c)dF) - 1 and 

lim / <*> dF = lim / ^ dF+ lim / ^ dF = 

c^oo J j a(x)+C c ^°°Ja(x)>0 "W + C c ^if< a (x)<0«W+C 
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we arrive at the conclusion by applying Lebesgue's monotone convergence and 
dominated convergence theorems. □ 
LEMMA 3.5. *(c) can be written as 

en, Mc)=i+ j- (+ j~-0- m (c> - () 

with f °° t^pidt) =E-£- l/H t and 1/ (t(t + 1)) p{dt) < oo. 
PROOF. From Theorems 3.1 and 3.3, *(c) can be written as 

f°° c + £ 

*(c) - $ - l/iJ £ = r(c + + 6 + Jf t(f + e j. PW (c > -0, 
where r > 0, & > 0, and / °° 1/ (t(t + 1)) ^(dt) < oo. Since 

,oo x 

7o tft+T+o'W- 



*(c) t£ + & + £ + 1/# ? c + Z [°° 1 
— T H h - 



c 



we have r = by applying Lemma 3.4 and Lebesgue's theorem. Since d ((c + £)/{t(t + c + £))) 
/dc= (i+c+£)~ 2 > 0, {c+£) / (t(t+c+£)) is increasing with respect to c > — £. From 
^(— = £+l/H£ and Lebesgue's theorem, we obtain 6 = 0. From lim^oo <J>(c) = E 
and Lebesgue's theorem, we obtain that E-^-l/H^= J* °° t~V(0- □ 

LEMMA 3.6. XTie condition E < oo is equivalent to t^ 1 p(dt) < oo. 

PROOF. Lemma 3.5 shows that / °° t^ 1 p(dt) = E — £ — l/iff, which implies 
the conclusion because £ and l/i?£ are finite. □ 

LEMMA 3.7. A function f(x) > (x > 0) is a complete Bernstein function if 
and only if l/(x + f(x)) is a Stieltjes transform. In this case, a right continuous 
nondecreasing function < G(t) < 1 exists such that l/(x + f(x)) = J^(x 
+t)- 1 d(G(t)). 

PROOF. Let f(x) be a complete Bernstein function. Therefore, in accordance 
with Theorem 3.1 (2), x + f(x) is a complete Bernstein function. Further, in 
accordance with Theorem 3.1 (5), x/(x + f(x)) is a complete Bernstein function. 
Thus, from Theorem 3.1 (2), we have x/(x + f{x)) — fx + b + J °° xj [x + t)a(dt) 
(x > 0) with f, b > and a measure a on (0, oo). We can obtain f = as follows. 
From Theorem 3.1 (2), we have f(x) =rx + b+ f °° x/(x + t)a(dt) (r, b > 0). Thus, 

1 , b f°° 1 

~ = 1 + tH V / aidt). 

?x + b + j™^a{dt) x J x + t 

If t > 0, then the process x — > oo leads to = 1 + r, which contradicts the fact that 
t > 0. Therefore, the right continuous nondecreasing function G(t) := b + f*a(dt) 
(if x > 0) or (if x < 0) yields the Stieltjes transform 

lff™d(G(t)) > 1, then Urn inf ^^/(a;) = liminf^^^ x{l/ f™ x(x + t)- 1 d{G(t)) 
— 1) < 0, which contradicts the assumption that f(x) > 0. Thus, we find that 
< G{t) < 1. 

On the other hand, assume that l/(x + f(x)) is a Stieltjes transform such that 
l/(x + f{x)) = f + j + J^°(x + t)^ 1 a(dt), where r and b are constants, and a 
is a measure on (0, 00). Since f{x) > 0, by applying Lebesgue's theorem, we 
obtain lim^oo l/(x + f(xj) =0 = 9. Put G(t) =b + J*d(dt) (if x > 0) or (if 
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x < 0). Then, we obtain f(x) = 1/ f™(x + t)~ 1 d(G(t)) — x. As mentioned above, 
d(G(t)) > 1 causes a contradiction. Thus, we have J™(dG(t)) < 1. Putting 
x = u + yi and s = t + u, as in the proof of Lemma 3.2, we observe that if y ^ 0, 
then 

(3.2) Im/(« + yi) 

(1 - C dG) J °°- T^dG + £ p^dG/o" 

-(/o" 



\/s 2 +y 2 y/s 2 +y 2 



dG 



£0. 



Thus, the analytic function f(u + yi) on C\(— oo, 0] (see [15, Corollary VIII. 2b. 1]) 
preserves the upper and lower half-planes. This implies, in accordance with Theorem 
3.1 (3), that f(x) is a complete Bernstein function. □ 

We characterize the relation between the subset of complete Bernstein functions 
such that t = and all the probability measures on [0, oo). 

THEOREM 3.8. A complete Bernstein function f(x) = tx + b + J Q x/(x + 
t)a(dt) can be written as f(x) = 1/ (f™(x + t)~ 1 d(G(t))) —x with a distribution 
function < G(t) < 1 with G(oo) = 1 and G(0 _ ) = if and only if r = 0. 

PROOF. From Lemma 3.7, for a complete Bernstein function rx+b + J Q x/(x+ 
t)a(dt), a right continuous nondecreasing function < G(t) < 1 exists such that 
1/ (x + tx + b+ f °° x/(x + t)a(dt)) = J °°(x + t)~ 1 d(G(t)). Therefore, we observe 
that / °° x/(x + t)d{G{t)) = 1/ (1 + r + b/x + f™(x + t)~ 1 a(dt)) , which implies 
J °° d(G(t)) = 1/(1 + r) asi^oo. Thus, if r = 0, then f °° d(G(t)) = 1. In this 
case, we have f(x) = 1/ (J^(x + t)~ 1 d(G(t))) —x. The converse is obtained by 
applying Lcbesgue's theorem to the equation 1/ J °° xj (x + t)d(G(t)) — 1 = r + b/x 

+)™{x+ty 1 °-{dt). □ 

LEMMA 3.9. lim^oo *(")(c) = (n = 1, 2, 3, ...). 

PROOF. Using (3.1), we have (see [15, Corollary VIII.2b.2]) 

/■OO 1 pOC cy 

(3-3) *'(c)=/ 2 p(<ft),*"(c) = - / ___p(dt),... 

* (n) (c) = (-1)"-^! / __p(dt). 

By applying Lebesgue's (monotone convergence) theorem, we conclude that Hindoo $ (") (c) 
= (n = 1,2,3,...). □ 

LEMMA 3.10. If E <oo, then lim^^ c™* ( n )(c) = (n = 1,2,3,...). 

PROOF. From Lemma 3.6, J °° t^ 1 p{dt) < oo. From properties such as 

C "*(") (c) = ( -ir-n!- c " r *(«+o" p(*) 



(c + O n Jo (t + c + O n+1 

— — = 1, lim — 

i(c + O n 



lim — — = 1, lim - — - ^ ^ — — = 0, 

c^oo (c + £)" c^oo (t + C + £) Il+1 



(t + c + 0" +1 



< i (t, c+e > o), 
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we can apply Lebesgue's (dominated convergence) theorem and obtain lim c ^oo c n ^>^ (c) 

= (n = 1,2,3,...). □ 
LEMMA 3.11. lim m >e— w max = lim c ^oo c\I/'(c) if one of them exists. In 

particular, if E < oo, linv^^- u max = 0. 
PROOF. From (2.2), we obtain 

(3-4) tw = 1 + 

Fromliminf m ^ B - c m+« max = hminf m ^ £ - ty- 1 (m + u mgx ) > liminf TO ^ E - * _1 (m) 
= oo, we obtain lim m _^ B - c m+u m x = oo. Therefore, using Lemmas 3.4 and 3.9, 
we have lim TO ^ s - w max = lim c ^oo c^'(c), provided one of them exists. The rest of 
this lemma is deduced from Lemma 3.10. □ 

LEMMA 3.12 [10, Lemma 1.1.2]. If lim c ^ ( _ £) + *'(c) = oo, lim c ^ ( _ ( r )+ (-l)™" 1 
*(")(c) = oo (n = 1,2,3,...). 

PROOF. From (3.3), we have (-l)"" 1 ^™) (c) = n! /^(i + c + £) _n_1 p(d*) > 
(c > n = 1,2,3,...). Since *< 3 )(c) > 0, wc observe that *'(a) - *'(c) 
= J*" *( 2 )(x)dx > *( 2 '(c)(a - c) for each -£ < c < a. This implies that *< 2 )(c) < 
(*'(a) - *'(c)) /(a-c). Thus, using lim c ^ ( _ ( r ) + *'(c) = oo, we have lim c _ > (_£)+ *( 2 )(c) 
= -oo. For each n G {3,4,5,...}, wc find that (-l)"(*("- 1 )(a) - ^""^(c)) 
= J c °(-l) n * (n) (a;)da; > {-l) n ^ {n) {c){a - c), which implies that (-l)"" 1 ^™) (c) 

> (-l)"- 2 *("- 1 )(c)/(a- c) +(-l)"- 1 *("- 1 )(a)/(a-c). Therefore, by induction 
on n, we arrive at the conclusion. □ 

LEMMA 3.13. \im c ^ ( _ i)+ {c + i) n+1 ^ {n \c) = (n = 1,2,3,...). 

PROOF. From (3.3), we have (c + £)" +1 1<(™)(c) = (-1)"" 1 ™! / °°(c + £) n+1 /{t 
+c + £) n+1 p(dt) . Thus, applying Lebesgue's (monotone convergence) theorem, we 
arrive at the conclusion. □ 

THEOREM 3.14. If H ( = oo, then lim m _ >(s+1/J?4) + M max = 0. J/ # £ < oo, 
i/ien lmi TO ^(£_|_i/# 4 )+ « max > 0, w/iic/i can assume any positive value, exists. 

PROOF. From (3.3), we have *'(c) > and *"(c) < for c > As shown 
in the proof of Lemma 2.5, c' m+u — l/*'(m + u max ) > 0. Therefore, A := 
lim m _ > (| +1 / J j 4 )+ c„ l+ „ max exists such that -£ < A < oo. Since u max = *(c m+Mmax ) 
-m, hni m ^ (?+1/ ^ )+ m ax = *(A) -£ -l/fl*. From *"(c) < 0, tf'(A+) >*0 
exists (including +oo). From the proof of Lemma 3.11, we observe that u max 
= (c m +u + *(c m+M ))/(! + l/*'(c„ l+ „ )) , which induces #(A) - £ - 1/i^ 

= (A + *(A))/(1 + 1/*'(A+))- 

If if £ = oo, then #(-£) = £. For each c > put m := (*(c) - c*'(c)) 
/(l + *'(c)) and w := *(c) - m. Then 

m + v = ^(c), 
v = (to + c)*'(c). 

Moreover, from dm/dc = — (c + *(c))*"(c)/(l + >F'(c)) 2 > 0, we obtain £ < to 
< E 1 . Thus, in accordance with (2.2), we can consider v = w max and c = c m +„ max . 
Therefore, — £ < A < c TO+Mm = c for each c > — £, which implies that A = — £. 
Thus, lim m ^ (€+1/i??)+ u max = #(-£) - £ = 0. 

If < oo, then from (A + *(A)) / (1 + 1/*'(A+)) > l/(i? £ (1 + 1/*'(A+))) 

> 0, lim m ^( £+1 /^)+ u max > 0. In Example 2.7, we observe that £ + l/i? £ = r/3 
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and u max = (3r — m){m + r)/(m + 9r). Thus, we obtain lim m _ > ( r / 3 )+ u max = 8r/21 
(r > 0), which implies the conclusion. □ 
The following Lemma is similar to [11, Lemma 2.10]. 

LEMMA 3.15. |tf( n+1 )(c)/tf( n >(c)| < (n+l)/(c+£) and tf'(c)/ (*(c) - £ - l/tf € ) 
<l/(c + (c>-£, n = 1,2,3, ■■■)■ 
PROOF. From (3.3), we have 



( c ) = ( n + l)! / 
Jo 



(t + c + 



n+2 



n! 



. /*°° n+1 1 ^ 
< r x n / t — rrpydt) 



n + 1 



*W(c) (n= 1,2,3,...). 



Moreover, from (3.1), we observe that 

□ 

CORORALLY 3.16. liminf m ^ s - ?4 ax > -1/2. 

PROOF. From Lemma 2.5, we have n max = (m+c TO+ „ max )*'(c m+ „ max ), *'(c m+ „ ma J 

c ™+iw = 1 and m = (*( Cm +»»J - c ™+u rn ^'(c m +u_J) /(l + *'(c m+Mmax )). It 
follows that 



(m + c ro+ „ )c^ + „ _ *"(c„ l+ „ 



*'(c m+M ) (c m+ „ +e)(l + *'(c m+M )) 2 

= -l - ^ ^ r r X 



(Cm+M max + e)*"(c m+ n ma J Cm+u (1 + 

—max L m + u max 

On the other hand, from to Lemmas 2.1, 3.4, and 3.9, we have 

C m+ u +£, (l + *'(c m+M )) 2 

lim 21:12 • z-/ ^ — = 1- 

m-,E- C m +u 1 4. V(Cm +^J 

From Lemma 3.15, we observe that — ^"(c)/^'(c) < 2/(c + £), which implies that 
-1 - *'(c)/ ((c + 0*"(c)) > -1/2. Therefore, we conclude that 

lim inf u' av = lim inf -1 - — — — - > --. 

m^i3-- maX c^oo\ (c + £)W"(c)/ _ 2 

□ 

LEMMA 3.17. ,4ssMme E < oo. T/ien, 

?/ 1 1 

(3.5) lim 



^ — + 1 r. j °°(c/(c+t))^~ + 1 



z/ one o/ i/iree limits exists. 
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PROOF. From (2.2) and (3.4), we have 



E fi - $ ( C -+a, M ) , C "»+Ii m ax+ g 

Cm+;u max *' (c m + „ max ) + * (c m + „ max ) /c m + „ max ) " + " c ™4^ max +*(c m + „ max ) 

Thus, from Lemmas 1.1, 2.1, 3.4, and 3.10, we obtain \mi m ^ E - u max /i? = l/(l/lim c ^ 00 (c , J ,/ (c) 
/(E - *(c))) + 1). Using (3.1) and (3.3) we observe that 

(36) c*'(c) _ / °°((c + 0/(t + c + 0) 2 p(*) 



S - *(<0 (1 + I) / °°( c + + c + OpW ' 
which yields the desired equation. □ 
LEMMA 3.18. 

(3.7) - hm yf max = 1 + hm - \' - = 1 - hm 



m^E--™ c^oo ( C + 0*"(C) / °°(c/(c + t)) 3 p(*) ' 

i/one of three limits exists. In this case, if E < oo, its value is equal to lim m ^ s - w max 
IE. 

PROOF. From (3.3), we have *'(c)/((c + £) *"(c)) = - / °°((c + /(f + c + 
S)?p{dt) I (2 / °°((c + 0/(* + c + 0) 3 P( d *))- From the proof of Corollary 3.16, we 
have linv^^- M^ax = — 1 — lim^oo \I>'(c)/((c + £) *"(c)) if one of them exists. In 
this case, if -E < oo, then from lim TO _> B - u max = (Lemma 3.11) and by using the 
mean value theorem, we obtain lim m ^ B - u max /E_ = — lini TO ^£;- J vf max (t)dt/ E_ 
= — lim TO ^£;- y! maK , which implies the conclusion. □ 

THEOREM 3.19. If J* °° p{dt) < oo, lim ro ^ £ - u ma JE = 1/2. 

PROOF. Using p(dt) < oo and J °° 1/ (t(t + 1)) < oo, we have E < oo 
(Lemma 3.6). By applying Lebesgue's theorem, we observe that lim c ^ 00 ( J" 00 c/(c + 
t)p{dt) I f °° (c/(c + t)) jo(dt)) = 1. Thus, from Lemma 3.17, we obtain lim m ^ r- m. 
IE =1/2. □ 

CORORALLY 3.20. lim m ^ B - u max /i? = 1/2 /or any finite game {(dj, pj)} 

such that Y^j=i a jPj > 0, Y^j=iPj = 1> — Pj < 1? anc ^ 1 — i — n - 
PROOF. The complete Bernstein function 

*(c)-g--^ = ^ n 1 P] -c-Z-l/Hz (O-O 



max 



i 



is a rational function with respect to c, which is analytic on C\(— oo, — £] and 
preserves the upper and lower half-planes (Theorems 3.1 and 3.3). Therefore, using 
[8, Theorem 2.2 (vi)], we obtain the representation \f(c) — £ — 1/H% = — Y^j=i e j I ( c 
+dj) + k, where ej > 0, dj > £ and k is a constant. Since \I>(— £) = £ + 1/i?^, k 
— Sj=i e j/(dj — holds. Defining a(dt) as the sum of Dirac measures Y^JjLi e jl (dj 
—QSdj-t, we observe that 



j. lib lit 

_£±i^ ff(dt) = _V-5i- + y: T ^ = *( c )-f--i-. 



Using Theorem 3.1, we obtain p(dt) = J °° ta(dt) = Y^jLi e j < 00 j which, in 
accordance with Theorem 3.19, implies the conclusion. □ 



4. Abelian theorems 
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In the following paragraphs, wc assume that a nonzero measure p(dt) originates 
from (3.1). For a function f(x) > 0, uif :— limsup, I ._ >00 log f(x)/ log x is termed 
the upper order (see [1, Section 2.2.2]). We will show that lim m ^ E - u max /E_ can 
be calculated by the upper order of the function J* p(dt). 

A measurable function f{x) > is said to be regularly varying of index r, 
written as / e R r , if lim^oo f(Xx)/f(x) = X r for each A > (sec [1, Section 
1.4.2]). It is easy to verify that w/ = r if / € R r - The notation l(x) is used 
only for a slowly varying function such that l(x) G i?o- We write f(x) ~ cg{x) 
when lim^-xx, f(x)/g(x) = c. If c = 0, the relation f(x) <~ cg(x) suggests that 
f(x) = o(g(x)) (see [1, Preface]). 

LEMMA 4.1. If /* p(dt) e ii r , < r < 2. In ites case, i/ E < oo, < r < 1. 

PROOF. We can write C p(dt) = x r l(x) with l(x) e i?o- Assuming r < 0, 
then linia^oo p(dt) = lim^^oo x r l(x) = (sec [1, Proposition 1.3.6]), which 
contradicts the fact that J °° p(dt) > 0. Assuming r > 2, we have lim^oo J* p{dt) 
/(x(x + l)) = lim-r^oo x r ~ 2 l(x) ■ lim^^oo 1/(1 + 1/x) = oo. On the other hand, for 
each x > 0, we have J* p{dt) / (x(x + 1)) < f£°(t(t+ l))~ 1 p(dt) < oo (Lemma 3.5), 
which is a contradiction. 

If E < oo, then t~ 1 p(dt) < oo (Lemma 3.6). Thus, for each x > 0, we have 
J Q X p(dt)/x < / °° t~ 1 p(dt) < oo, which implies that r < 1. □ 

LEMMA 4.2. Suppose < r < n. Then, f*p(dt) — a: r Z(a;) (a: — > oo) i/ and 
or% if f™(x/(x + t)) n p{dt) ~ r(n - r)r(r + l)x r Z(a:)/r(n) (x -> oo). 

PROOF. The nondecreasing function U(x) := J Q X p{dt) satisfies U(0~) = 0. 
Since < n — r < n, using [1, Theorem 1.7.4], we obtain that U(x) <~ x r Z(x) 
(x — > oo) is equivalent to 



Jo (* + *)" r(n) V ; 1 ; ' 

which implies the conclusion. □ 
LEMMA 4.3. If Jo p{dt) e i? r and r ^ 2, then lim^oo *'(c)/ (c*"(c)) = 
l/(r-2). 

PROOF. From Lemma 4.1, we have < r < 2. From Lemma 4.2, we observe 

that 

/^(ar/QE + f)) 2 ^) ^ T(3)r(2-r) _ 2 
™/o°°( x /( x + < )) 3 / 9 ( d< ) r ( 2 ) r ( 3 - r ) 2 ~ r ' 

Therefore, the relation (3.7) implies the conclusion. □ 
THEOREM 4.4. If E < oo and f* p(dt) e i? r; tften lim TO ^ E - u maK /E = 

(1 - r)/(2- r) wii/i < r < 1. 

PROOF. From Lemmas 3.18 and 4.3, we obtain liim^^- u max /E_ — 1+limc^oo 

/((c + 0*"(c)) = (l-r)/(2-r). ' □ 

Whenever we use the notation g(f), it is understood that p(cZt) = q(t)dt with 

g(t) > o. 

LEMMA 4.5. 1/ g(i) e R a , then a < 1. In addition, if E < oo, f/iera a < 0. 

PROOF. We can write q(t) = t a l{t) with l(t) G i? - From [1, Corollary 1.4.2], 
A > exists such that l(x) is locally bounded in [A, oo). Assuming a > 1, 
then using [1, Propositions 1.3.6 and 1.5.8], we obtain lim^oo p(dt)/(x(x + 1)) 
= lim^oo x a_1 Z(x)/(a + 1) • lim^oo 1/(1 + 1/x) = oo. On the other hand, for 
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each x > X, we observe that J* p(dt) / (x(x + 1)) < J^{t(t + l))^ 1 p(dt) < J °°(t(i 
p(dt) < oo (Lemma 3.5), which is a contradiction. 

When E < oo, we have j x p(dt)/x < J t~ 1 p(dt) < oo (Lemma 3.6). Thus, 
arguments similar to the one above yield the conclusion. □ 

LEMMA 4.6. If q(t) e R a , then f* q(t)dt e i? Q+ i (a > -1) or f* q(t)dt e #o 
(a<-l). 

PROOF. As the proof of Lemma 4.5, if a > —1, using [1, Proposition 1.5.8], 
we obtain J*t a l(t)dt ~ x Q+1 Z(x)/(a + 1) e R a +i- li a = -1, then from [1, 
Proposition 1.5.9a], we have Jj£ t~ 1 l(t)dt € i?o- If a < — 1, then the nondecreasing 
function q(t)dt = J Q X t a l(t)dt is bounded as will be shown below, which suggests 
that Jq q(t)dt <= i? - Put e := -(a + l)/2 > 0. Then, from lim^oc t" £ /(i) = 0, 
y > exists such that < t~ £ l(t) < 1 for each t >Y. Therefore, for each x > Y, 
we hnd that f* q(t)dt < q(t)dt + J* t^lifjt'^dt < £ q{t)dt + l/(eY £ ) < oo. 

□ 

CORO RALLY 4.7. If E < oo and q(t) G R a , then a < and 

(A I) li m ~ max = / 2' */ " - -1 > 

PROOF. It is the direct consequence of Theorem 4.4 and Lemmas 4.5 and 4.6. 

□ 
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5. Tauberian theorems 

Given a measurable function / : (0, oo) — > M, let f(z) := f^t~ z ~ 1 f(t)dt be 
its Mellin transform for z € C such that the integral converges absolutely (see [1, 
2, 3]). For example, putting k(x) := 2x 2 (0 < x < 1) or (x > 1), we obtain 
k(z) = 2/(2- z) (-co < Rez < 2). In addition, putting h(x) := x (0 < x < 1) or 
(x > 1), we obtain h(z) = 1/(1 — z) {— oo < Rez < 1). Given measurable functions 
/, g : (0, oo) -> R, let (/ * g)(a;) := J °° t _1 f(x/t)g(t)dt be the Mellin convolution 
of these functions for x > such that the integral converges absolutely. 

THEOREM 5.1. If E < oo and lim. m ^E- y/ maJC exists, then \im m ^ E - u max /E_ 
= (1 — r)/(2 — r) (0 < r < 1) and p(dt) <G i? r , w/iere r is ifce upper order o/ 
+ (n>l). 

PROOF. Putting A"(a;) := / °° (ar/(a; + t)) 3 p(cfc), we observe that k(2~) = oo 

and 

(k*K)(x) _ f™(x/(x + t)fp(dt) >i 
/"^/(ar + t)) 3 ^) " ' 

From Lemma 3.18, lim^oo (fc * K) (x)/K(x) = c > 1 exists. As i-T(x) is an 
increasing function, from [1, Theorem 5.2.3 and Section 2.1.2], we obtain c = 
k(u>K) = 2/(2— wk), < 2 and if (a;) is regularly varying. Thus, lim m ^ B - u m&VL /E_ 
= -lim m ^ B - u' mli x = 1 - !/( 2 - uk) = (1 - oj k )/(2 - wjr). From Lemma 4.2, it 
follows that J* p(dt) e i? Wjf . Moreover, from Lemma 4.1, we have < uj{ < 1. 
This implies that the upper order of J °° (x/(x + t)) n p(dt) is always lok for each 
n > 1. ' □ 

THEOREM 5.2. If E < oo and lim m ^ E - u max /E_ ^ exists, then linv^^- u ma 
/E_ = — lim m ^ B - y/ max = (1 — r)/{2 — r) (0 < r < 1) and J* p{dt) £ R r , where r 
is the upper order of (x/(x + t)) n p(dt) (n > 1). 

PROOF. This proof is formally the same as that in Theorem 5.1. Putting 
S(x) := J °° (x/(x + t)) 2 p(dt), we observe that h(l~) = oo and 

(h*S)(x) _ f °°x/(x + t)p(dt) >i 

S ( x ) f~(x/{x + t)) 2 p(dt) ~ ' 

From Lemma 3.17, lim^^oo (h * S) (x)/S(x) — c > 1 exists. As S(x) is an increasing 
function, from [1, Theorem 5.2.3 and Section 2.1.2], we obtain c = h(ws) = 1/(1 
—ljs), us < 1, and that S(x) is regularly varying. Thus, lim m ^£- u max /E = 
l/(c + 1) = (1 - us)/ {2 - ljs)- From Lemma 4.2, it follows that p(dt) £ R^g. 
Moreover, from Lemma 4.1, we have < < 1. This implies that the upper 
order of J Q (x/(x + t)) n p(dt) is always u>k for each n > 1. In this case, based on 
Lemmas 3.18 and 4.3, liim^^- w^ax exists. □ 
CORORALLY 5.3. If E < oo, the following are equivalent. 

(a) lim m ^ B - u max /E ^ exists. 

(b) ft p(dt) e R r (r^l). 

(c) lim m ^ B - yf maK ^ exists. 

PROOF. Using Theorems 4.4, 5.1, and 5.2, and Lemmas 3.18 and 4.3, we arrive 
at the conclusion. □ 

It is noteworthy that f£ p(dt) e R\ includes \mi m ^ E - u max /E_ = 0. However, 
the converse is not necessarily true because a nonregularly varying function p(dt) 
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= (2 + sin (loga;))x/(l + logo;) 3 / 2 — (2 + sin l)e/(2V2) {% > e) provides an example 
with lmi m ^ E - u max / ' E_ = 0. The details are left to the reader. In this direction, we 
observe that \\m m ^ E - u meix /E_ = if and only if J^ix + t)~ 1 p(dt) is normalized 
slowly varying. Because, since lim c _, 00 c^>'(c)/(E — ^(c)) = (Lemma 3.17), E — 
^(c) = / °°(t + c + £)~ 1 p(dt) (Lemma 3.5) is normalized slowly varying (see [1, 
(1.3.4)]). 

LEMMA 5.4 [1, Theorem 1.7.2]. // f* f(t)dt ~ cx r l(x) (x -> oo), where f(x) 
is nondecreasing or nonincreasing in an interval (T, oo) (T > 0), then f(x) ~ 
crx r ~ 1 l(x) (x — ► oo). 

CORORALLY 5.5. Assuming E < oo, p(dt) = q(t)dt and q(t) is nonincreasing 
in an interval (T, oo) (T > 0). When lim m ^^- M max /i? =/= exists, the following 
properties hold: 

(1) // uj q < —1, then lim m ^£- u max / , El = 1/2 a«c? / q{t)dt is slowly varying. 

(2) // uj q > —1, t/ien cj g < 0, lim m ^£- u max / E_ = —uj q /(l — Lo q ), and q(t) is 
regularly varying. 

PROOF. Put S(x) := (x/{x + t)) 2 q(t)dt. Then, by applying Theorem 5.2, 
we obtain lim m ^ E - = i 1 ~ w s)/(2 - u s ), (0 < uj s < 1) and f* q(t)dt 

€ i? ws . Thus, by Lemma 5.4 we find that J q(t)dt ~ x ws l(x) (x — * oo) and <?(£) 
- ws^- 1 ?^) (t -> oo). 

(1) Assumew 9 < —1. From lim sup^^ logg(i)/logi < — l,weobtain q(t)dt 
< oo, Jq q(t)dt £ Ro, and cjs = 0. Next, assume uj q — —1. If uis 7^ 0, we have 
Lj q = los — 1 = — 1, which is a contradiction. 

(2) Assume tu q > —1 and u>s 7^ 0. Then, we find that uj q = los — 1 < and 
lim m ^ B - u max /E_ = —uj q /(l — bj q ). Next, assume ui q > —1 and u>s — 0. Then, 
q(t) = o(t -1 Z(t)) (i — > oo) and w 9 < —1, thus contradicting the assumption. □ 
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